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Abhstract

A theory is developed for the incorporation of conduc-
tion band anisotropy into the analysis of the excitcn-plasma
ES Mott transition in indirect gap semiconductors. Ellipsoidal
F' energy surfaces are assumed for the electrons while spheri-
cal eneragy surfaces are retained for holes. Static electron-

hole screening in the random phase approximation is assumed.

The Mott transition is associated with the electron-hole
pair density at which the exciton binding energy in the
assumed potential is zero. The binding energy is computed
wvariationally.

It is found that the electron anisotropy causes the
Mott transition to shift to higher densities. It is also
found that, in the absence of screening, the exciton binding
-energy is not significantly affected by the electron aniso-
tropy. It is thus concluded that the shift to higher densi-
ties is due largely to the reduced ability of anisotropic

--@lectrons to screen.
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EFFECTS OF CONDUCTION BAND ANISOTROPY ON THE EXCITON-PLASMA
MOTT TRANSITION IN INDIRECT GAP SEMICONDUCTORS

I. Introduction

The exciton-plasma Mott transition in silicon has been
studied in detail in receht years. The experimental data
(Forchel, 1982; Forchel, to be published) has been success-
fully explained (Norris and Bajaj, 1982) by assuming that
the electron-hole interaction is statically screened, and by
taking the conduction and valence bands to be isotropic.
While the assumption of conduction band isotropy works well
in si, where the ratio of longitudinal to transverse electron
masses is less than five, one would expect the effects of
conduction band anisotropy to be larger in Ge, where the ratio
of longitudinal to transverse electron masses is greater than
nineteen. It is thus the purpose of this work to extend the
previously mentioned theory by taking conduction band ani-
sotropy into account. .

The system under study here consists of optically
generated electron-hole (E~H) pairs in pure indirect gap
semiconductors. The presentation will therefore begin with
a discussion of how excitons are formed through optical

pumping, followed by the definition of the exciton-plasma

Mott transition.

In the next chapter, the experimental work will be

discussed. This will be done to show the experimental




- ol
"""""""

N evidence for the occurrence of the exciton-plasma Mott
] .\::.‘.‘ »
N transition, and to show clearly how the connection between

i theory and experiment is made.

The theory will be developed in chapter three and
results for both Si and Ge will be presented in chapter
four. Finally, the conclusions will be summarized in

chapter five.

. Exciton Formation

The formation of excitons in an indirect gap semicon-

ductor is shown schematically in Figure 1 (Wolfe, 1982). A

oy
CATAr A

s photon, which has an energy greater than the energy gap (Eg)
%} of the semiconductor, is absorbed and excites an electron
‘ from the valence band to a conduction band state which lies
‘t? above the conduction band minimum. The electron then under-
goes a rapid thermalization process in which it loses energy
?3 to the lattice through the emission of phonons and thus
relaxes to the conduction band minimum. Hydrogen-like
bound states exist within the energy gap. They are due to
bound E~H pairs, which are called excitons, and which may
form if the sample is sufficiently cool (e.g. T < 80°K for
8i). The electron and hole eventually recombine giving off
& characteristic luminescence. Since the material is in-
direct gap, the E-H recombination is also accompanied by

the emission or absorption of phonons.
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The Exciton-Plasma Mott Transition

Consider a free exciton (FE) gas and ask the question,
"How can the bound electrons and holes become dissociated?"

One way in which the E-H pairs may become dissociated
is through thermal ionization. This is a diffuse process in
that, for a given temperdture, the FE gas and EHP coexist in
thermal equilibrium and there is not a precisely defined E-H
pair density at which dissociation occurs.

Another way in which E-H pairs may become dissociated
is through entropy ionization (see for example: Mock, 1978).
This is a complicated effect which occurs when the total
number of electrons and holes in the system is reduced at.
constant temperature. The important point here is again
that there is no precisely defined E-H pair density at which
dissociation cccurs.

The third way in which-excitons may ionize is through
screening. In this case the exciton density is increased,
at constant temperature, by increasing the optical pumping
power and a point is reached at which a given electron can
no longer be associated with any particular hole. Here there
is a precisely defined density at which the exitonic binding

energy goes to zero. The transition is from an insulating

FE gas to a metallic electron-hole plasma (EHP) and is called
a Mott transition.
Thus, the Mott transition is an insulator-to-metal

transition which arises as a result of screening.




..........

....................................................

II. Experiment

Experimentally, the exciton-plasma Mott transition has
been studied in connection with a separate transition which
is known to occur and which is well understood. This other
transition is a first—or§er phase transition in which the
FE gas condenses into a highly dense metallic electron-hole
{ liquid (EHL). Experimental work may be seen for example in

Hammond et al (Hammond, 1976), Thomas et al (Thomas, 1973),
and Thomas et al (Thomas, 1974). A thorough discuss%on of
the theory of the EHL is given by Rice (Rice, 1977).
The EHL is important in the experimental study of the
Mott transition and will thus be briefly discussed.
- The phase diagram for the electron-hole system is shown
‘i‘ in Figure 2. How such a phase diagram is constructed will
be discussed shortly. For the present it is sufficient to

xS note that below a certain critical temperature, T., a two-

N c
phase region exists where the FE gas (or EHP) is in equili-
brium with the dense EHL. The solid curve is the liquid-gas
coexistence curve. If the FE gas density is increased (by
increased optical pumping at sufficiently low, constant
temperature), the gas-to-liquid transition will occur when
the FE gas density reaches the value on the coexistence
curve. The EHL will then be present in droplets whose den-
sity is determined by the liquid side of the coexistence

curve. Further increases in optical pumping change the size

LT of the electron-hole droplets but do not change their density.

5
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Given the above comments on the EHL, one may now turn
to the experimental construction of the phase diagram of
Figure 2. This construction will be illustrated through a
discussion of a specific experimental study of the exciton-
plasma Mott transition (Shah, 1977). Shah and his co-workers
were first to report expérimental evidence for the Mott dis-
sociation of excitons into EHP. Their work shows clearly
how the experimental data are obtained and interpreted. This
discussion will thus serve to define the theoretical problem

as well as to provide the experimental background.

The Luminescence Spectra

Shah and his co-workers excited a crystal of pure Si
with radiation from an argon laser and observed the resulting
luminescence spectra at various temperatures and for various
optical pumping powers.

The spectra which they observed at low temperature (18°K)
are shown in Figure 3. For low pumping powers, the FE line
ﬁas seen, while for sufficiently high pumping powers, a second
peak due to EHL luminescence was also present. Both of these
luminescence peaks were found to have line shapes which were
independent of pumping power.

Figure 4 shows the spectra which were obtained at 23°K.
For low pumping power, the FE line was again seen. However,
as the incident power was increased, the low energy side of
the FE line was observed to broaden as shown by the singly

dashed curve. Again, for sufficiently high pumping powers,

7
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the second peak due to the formation of EHL was observed.

The spectra obtained at 30°K, which is above the criti-
cal temperature for the formation of an EHL, are shown in
Figure 5. At low incident power the FE line was observed
(curve 1), and as the power was increased, the line broaden-
ing was seen to evolve cbntinuously into a shape which is
well fit by a plasma line shape (curve 3).

Shah and his co-workers interpreted the observed line
broadening as being due to the Mott dissociation of excitons
into an EHP. This is a logical interpretation since the FE
line shape is independent of pumping power, while the line
shape due to the recombination of unbound electrons and holes
does depend on pumping power. It is thus natural to associate
the onset of the line broadening with the onset of the Mott

dissociation. How this was quantified will no& be presented.

The Threshold Pumping Powers

In order to determine the threshold powers for the Mott
transition, and for the formation of EHL, Shah and his co-
workers plotted the change in position of the low energy
half-maximum of each distinct peak observed in the spectra.
The change was plotted as a function of average incident
power. The results are shown in Figure 6.

At 18°K, only the FE and EHL peaks were seen and their
shapes were independent of pumping power. Thus the power,
I, at which the EHL peak was first observed was taken as

the threshold for EHL formation.

10
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At 25°K, the line broadening was found to yield a linear
plot between the FE and EHL plots. IT was determined as

before for EHL condensation. The threshold, I for the

D’
onset of line broadening was determined by extrapolatiou as
shown.

At 30°K, the contintious broadening was observed and ID
was again determined by extrapolation.

Once the threshold powers were determined, there
remained the problem of converting those powers into E-H

pair densities. This problem was solved by constructing the

phase diagram for the E-H system.

The Phase Diagram

The phase diagram for the E-H system in Si was shown in
Figure 2. The solid curve is taken from Norris and Bajaj
(Norris, 1982), while the circle and triangle points are
included to aid in the description of how Shah et al con-
structed a similar phase diagram.

The EHL densities (triangular points) were determined
from the liquid luminescence half-width by using the theo-
retical calculations of Hammond, McGill, and Mayer (EHammond,
1976). This process resulted in the experimental determina-
tion of ng, the EHL density at 0°K.

Given experimental values for n_ and T (the critical

o
temperature for EHL condensation) the theoretical calcula-
tions of Reinecke and Ying (Reinecke, 1975) were used to

obtain the liquid-gas coexistence curve (solid line). It

13
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was thus possible to determine the FE gas densities (circles
on the solid curve) which were in equilibrium with the EHL
at various temperatures, and to associate these densities
with the measured threshold powers (IT) for EHL condensation.
The Mott transition densities were then determined from
the threshold powers, I

D; by assuming a temperature-indepen-

dent, linear scaling between E-H pair density and pumping

power. This assumption is of uncertain validity but repre-
sents the best method available for the experimental deter-

mination of the Mott transition densities.

The Theoretical Problem

The above discussion clearly defines the theoretical.
problem for the Mott transition: One must predict the densi-
ties at which excitons become unbound due to screening. A
theory for doing this will be discussed in the following
chapter and will be extended to take conduction band anisot-

ropy into account.
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III. Theorx

As was mentioned in the introduction, Norris and Bajaj
(Norris, 1982) have developed a theory for the exciton-
plasma Mott transition in Si which is in good agreement
with experiment. They obtained the exciton Hamiltonian by
assuming isotropic masses and by assuming static electron-
hole (E-H) screening in the random phase approximation
(RPA) . They then associated the Mott transition at a given
temperature with the E-H pair density for which the binding
energy of the exciton becomes zero. The binding energy was
evaluated variationally. In this chapter, the above theory
will be presented and extended to take into account the con-
duction band anisotropy. As was mentioned earlier, this is
being done in order to assess the effects of the electron
anisotropy on the exciton~plasma Mott transition both in

8i and (more importantly) in Ge.

Background

Theoretical work on the exciton-plasma Mott transition
was preceded by investigations of the similar problem of an
electron bound to a donor impurity in a many-valley semi-

‘conductor. In the latter case, the task is to compute the

donor concentration, Nc' at which the electrons become
unbound due to screening. Since the theory to be presented
in this work is a direct product of the earlier work, the

donor impurity problem will now be reviewed.

15
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Initially, the screening was taken into account by

assuming the electron to be bound in a Yukawa potential,
and the variational calculations were done using hydrogenic
trial functions (Mott, 1949). Later, Rogers et al (Rogers,
1970) numerically integrated Schrodinger's equation for

the above case. The two.results were not in very good
agregment, and hydrogenic wave functions were seen to be
poor trial functions.

Later, Lam and Varshni (Lam, 1971) did the variatioial
calculation for the Yukawa potential using eigenfunctions
of the Hulthén potential. Their results were in good agree-
ment with the calculation of Rogers. The Hulthén potential
2 and its s-state eigenfunction, as given by Greene et al
.ji_ (Greene, 1977) are

2 =ur
V. (r) = - =€ (1)
= (1 - e7HF)

and

1) y o~(1 -uw2ixr/a _ -(1 + u/2)x/a
r

1 4
(r) =—— -
viz 2(ra) (;7 2)

where e is the electronic charge, €, is the static dielectric
constant, a is the first Bohr radius of the elgctron, and u
is taken as a variational parameter. Greene et al used the
Hulthén wave function to solve the problem of an electron

in the Lindhard potential (RPA) at T = 0 and of an electron

in the Hubbard-Sham potential (which includes first order

16
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corrections to the RPA at T = 0). Their result for the
?f 55;3 Hubbard-Sham potential was in good agreement with the result
!i of Martino et al (Martino, 1973), who solved the corresponding
Schrodinger equation numerically. Thus the Hulthén wave
function was again seen to be a good trial function.

In all of the above work, the electron masses were
taken to be isotropic. Since the electron masses in many-
valley semiconductors are anisotropic, Aldrich (Aldrich, 1977)
treated the problem of an electron with anisotropic mass
bound in the Lindhard and Hubbard-Sham potentials at T = 0.
He performed the variational calculation using a modified
form of the Hulthén wave function, which will be used in

the present work:

p/a

X
2 -p/a, _up/2a -up/2a)
1 3/2 4-yp e (e - e .
v(r) = — 5 (8 (3)
- a ( 41m2)

where a is the Bohr radius, 8 and y are variational para-

meters, and where p is given by:
m 3
t 2 2
— a x2 + £ a (y" + 2 )l (4)
[ A n* t

Ellipsoidal energy surfaces are assumed so that longitudinal

and transverse masses, m, and m,, may be introduced, and

n' = (mlm 1/3 . The parameters a, and a, are given by

a, = 852/3 . (5a)

17

..........

JJJJJ




a, = B/e (5b)

where ¢ is a third variational parameter. The variational
parameter, u, reflects the strength of the Hulthén potential,
B effectively expands or contracts the wave function, and ¢
adjusts the trial function anisotropy.

The above discussion shows how the choice of RPA
screening has come about and how the variational approach
has developed. The theory of Norris and Bajaj for the
exciton-plasma Mott transition will now be presented in
detail via its extension to include electron anisotropy.

This will be done by considering first the exciton Hamil- .
tonian, and then the variational calculation for the excitonic

binding energy.

The Exciton Hamiltonian

The exciton Hamiltonian is taken to be

- 2 3 2 2

e A o ol | Ve m ©
Eg

:: where 1/m ; and 1/my,; (i = 1,2,3) are the diagonal elements
?; of the electron and hole effective mass tensors. The posi-
;; tion vectors for electrons and holes are I and'gh, while
5: Xo4 and x,: are the components of these vectors. U(r.-ry)
i? is the interaction potential.

%; In writing the kinetic energy term for the electron

:S ga; in equation (6), ellipsoidal energy surfaces have been

o 18
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assumed. The hole mass will be taken to be isotropic: The
NERG effective mass tensor notation has been retained in the
kinetic energy term for holes in order to make the deriva-
tions easier. The assumption of isotropic hole masses has
been made because any attempt to go beyond this assumption
would make the problem intractable. For a complete treat-
ment of the hole kinetic energy see (Lipari, 1971), and for
a discussion of semiconductor band structure see (Rice,
1977: page 5). |
A center of mass transformation is now made in order
to treat the e-h pair mathematically as a single particle

in the assumed potential. Thus

o I =X, - Xy | (7a)
ne:.xel + Mhi*hi
xi = m +m (7b)
el hi
1l 1 1l
_—F = —— (7¢c)
Mg Mei My

where the m; are reduced masses. Ignoring the translational

term, which does not affect the binding energy, one obtains

2 3 2
¥ 1 9 .
H= -2 § =+ + U(x) (8)
2 jo1 ™y axi2 =

Since the energy surfaces are assumed ellipsoidal,
longitudinal and transverse effective masses may be

S introduced:

19
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Meg = Mgl ¢ Mgy = Mgp = Mgz (9a)
Bpg = Wy ¢ Mpe = Mpp = My, (9b)

It should again be noted that the hole masses are assumed
to be isotropic and that Fhe introduction of ) and m.
is solely for ease of derivation.

The reduced masses are thus given by

=
|~

1
— = + — (10a)
Mg Mot ™t
1 1 1
—_— o 4 (10b)
My Mot Myt .
and the exciton Hamiltonian is given by
»#[1 22 1 (aaz 32 .
H==-———-2-+-———2-+—2- + U(r) (11)
2 |™e ax me y 9z -

In order to complete the determination of the Hamil-
tonian, an explicit expression for the potential energy must
be obtained. This is done in wave-vector space (the Fourier
transform domain of position space) by assuming static
electron-hole screening in the random phase approximation.
It is thus assumed that the electrons and holes respond to
the unscreened (Coulomb) potential individually rather than
collectively. It is thus also assumed that the total

potential can be written as the unscreened potential plus

20




a term which represents the average response of the screen-
: R ing carriers to the total potential. For electron screening
:l this is

e<ﬁr’> 3
v(r) = Vo(r) - —_d3’r- (12)
- r-r-|

N where V(r) is the total potential at r, V (r) is the

3 unscreened potential at r, and <f_.> is the expected

value of the screening particle density at r~”.

The particle density <ﬁr‘> is given by

<fi(x)> = Trace(p[VIn(x)) (13)

where p[V] is the density matrix and n is the particle
density operator. The density matrix is obtained from its

equation of motion .

LALEN AN EAA AR et
RARAGAE PLAYC AL AR
S R )
P B .
GE’:

= [p,H] ' (14)

i
e
=3

W
f"l‘o)

where H is the system Hamiltonian. The density matrix and

M) CEC
] oo,

e -
-

% Hamiltonian are written in terms of perturbations:

AN

Ty
I

p=p_+ 8P | (15a)

1
o)

. H=H_ +V (15b)

als

The subscript "zero" refers to the problem in the absence

©of an external potential and V includes both the external

and screening potentials. The RPA arises when equation (12)

A * *SEINOROVON |

- is assumed and the term in §pV is dropped from equation (14).
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When the above analysis is carried out for both

electrons and holes, the potential energy is found to be

given by
V(g = - Lezi o7 (16)
€. €lq

where e is the electronic charge, €o is the static dielectric

constant, g is the wave-vector (of magnitude q), and where
€(qg) is the dielectric function. The dielectric function

is given by

2
e(@ =1 - 0y g (@) + vy0, ()] (17)
€9

o .

where Ve and V), are the band degeneracy factors for electrons
-and holes, and where the g functions are the density-density
response functions for electrons and holes. The response

function for electrons is

(18)

1 (.3, EL(Eg(K)=ug) /kyT1-£1 (B (k-q) —Ho) /Ky T]
eld = T 3)ak E, (D -E, (k-0

with a similar expression for holes. 1In equation (18), d3k
is the wave-vector volume element dkxdkydkz, f is the Fermi-
Dirac function £(x) = 1/(e* + 1) , Eg is the energy as a

function of wave-vector, u_ is the chemical potential for

e
e@lectrons, and ka is Boltzmann's constant times the absolute

temperature.

22

.................................................
..................................




.........................

Now, the integral in equation (18) has been evaluated

for practical computation by Meyer (Meyer, unpublished),

assuming spherical energy surfaces. In order to do the

present work, it was therefore necessary to assume ellip-

ii soidal energy surfaces according to

& w 2

2 2 dk 2 2 .

- E_(k) = k, + ki + k 19
: e®) = g Xx * gy Ky t k) (19)
F and cast the expression for the dielectric function into a

form where Meyer's results could be used. The details of

this process are outlined in the appendix. The result is

2 | F_op(n)) 4 F  (n.) |

= 4rne _-;5 e - h 1l

e(q) 1+ W [ F—(n—-)-G(xeo,ne) + T—-i(ﬁrc‘xho'“h)] (?-
(20)

where n is the electron-hole pair density, the n's are the

reduced Fermi energies (the chemical potentials divided by

ka), and where

xo ;f
» 1 + %(—)
6(xom) = ——% Fot J £(x-n)n|————-fax  (21)
(""xo) 0 1 - ;,(_;‘9)’5

F,(n) = 1 f“xkf(x - n)dx (Fermi integral; order k) (22)
X 3

and
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w [me 2. ™ 2. 2
Xeo = % i Gt (9 + ap) (23)

with a similar expression for Xpoe In equation (23)

m; H (melmgt)1/3 . Agaip f is the Fermi-Dirac function.

Meyer has cast the function G(x_,,n) into approximate analy-

tical form and his results can (and will) be used in the

present work provided equation (23) is used for Xao along
with the corresponding expression for Xho*

The explicit expression for the potential energy term
in the Hamiltonian has now been obtained (equation 16 com-
bined with equation 20). The variational calculation for

the exciton bindihg energy will now be presented.

The Variational Calculation

It was mentioned at the beginning of this chapter, that
the Mott transition at a given temperature is associated
with the E-H pair density for which the exciton binding
energy is zero. The binding energy is computed variation-

ally by minimizing the expectation value of the Hamiltonian,

e <H>, where <H> is computed using the Hulthén wave function
given in equation (3). This section will therefore address
the determination of <H> = <T> + <V> , where <T> and <V>

are the expectation values of the kinetic and potential

A P

f energies, and will conclude with a discussion of the mini-

mization process.
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The Kinetic Energy: <T>

As previously discussed, the trial function for the

variational calculation is

2 | .3/2 4-12 4 e P2 4,
"(E) = ;372- B . 4‘"? 57a sinh ('z—a-) (24)

where p is given by

*

: X
m m
L 2 t 2 2
p=|=a,x* + — a_l( + z°) (25)
[m L n* T ]

and where a = edh'z/m*e2 is the exciton Bohr radius. The
masses m, and m, are the longitudinal and transverse reduced

masses introduced in the discussion of the Hamiltonian,

2,1/3 /3

while n* = (mlmt) /3

- Also, a, = Bez and a, = B/e1 ’

as previously defined. The variational parameters are u, B8,

and €.

The expectation value for the kinetic energy,

2 2 2 2
=\op* 00|12 3~ 1/29 3 3
g j‘l’ z T[’—“L axz ¥ '_"t a_y_z' ¥ ;2-)] 3 varr (26)

can be evaluated analytically. The result is

*
<T> = g; (az + 2at)(4 - uz) (27)

where B = m*e‘/egh2 is the reduced mass Hartree, the

energy unit used in this work.
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The Potential Energy: <v>

The potential energy can not be expressed in closed
form in position space and its expectation value is, there-~
fore, determined by a calculation in wave-vector space. In

the usual expression for the expectation value for U(r),
<> = j v upair (28)
U is expressed as the inverse Fourier transform of the

potential, V(q). Thus

_ * 1 iger .3 3
<U> = Sw W)vqpe QL 3 qj ya’r (29)
where V(q) is the statically screened Coulomb potential
given by equations (16) and (20).

It will be seen later that the determination of <U>
involves the nﬁmerical evaluation of a double integral on
the unit square. It turns out that if the potential, V(q),
is used "as is" in equation (29), then the integrand will
have a finite value on the side of the unit square which
corresponds to infinite wave-vector magnitude. This diffi-
culty can be eliminated if V(q) is expressed as the sum of
a "screening" term and a Coulomb term. In this case, the
expectation for the Coulomb term can be evaluated analyti-
cally, while the integration for the screening term involves
an integrand which vanishes on the previously mentioned side
of the unit square.

Thus one writes
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2
vig = - 2 = v (g + V(g (30)
€4 e(q)
where
v = - melf1- @ (31)
s =5 2T @
(o]
and
2
-_ 4
Velg) =- =55 (32)
€o9

and where €(q) is the dielectric function.
When equation (30) is substituted into equation (29).
for <U>, two integrals result.

The Coulomb integral is found to be given by

<> = B*8%g(u)h(e) (33)

where H* is the Hartree, where u, B, and ¢ are the varia-
tional parameters in the trial wave function, and where the

functions g(u) and h(e) are given by

2 2
=4-u 14 -
g(u) = -_ui— £n [_4_] (34a)
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1/6 ] %
(;.t.:_ (1 -.’.ni) sin-l [ (l -_m_?’_) 1 , it_ <1
ml Eml le Emz

h(e) =

1/6 X X Y
(mt) (mt-l) ‘Ln[(‘mi + (&-1) l, &_>1
Eml em!_ 8M£ €m£ emz

(34b)
For the screening term, one has
1 iger.3 3
“User” =J"’*"’I(2—”3‘) vglgre'd'Za q} a’r (35)

Now, <U_..> can be expressed as a single triple integration
in g-space by making the change of variables from q to -q
an interchanging the order of integration. One then obtains
the integral over all g-space of Vs(g) times the Fourier

transform of the wave function squared:

<u__ > = —1—55F(w2)vs(g)d3q (36)

sCr (27)

The Fourier transform, F, is easy to compute and is

given by
2 . .
= 4-u” 1 ~1l{aq” ~lfaq”} _ -1{a
F u2 E—q—r ztan (i%l.) + tan (m) 2 tan (—%——)k (37a)

where
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)
m . 2 m 2 2
= [mlal WY * meag (ay + qz)J (37b)

A
1

The masses which appear in equation (37b) are the reduced
masses, a is the Bohr radius, and the quantities a, and
a, were defined in the section where the wave function was
introduced (see equations 3-5).

The integral in equation (36) is evaluated after several
changes of variables.

_ First, the spherical coordinates (q, 0, ¢) defined below

are introduced.

q, = qcosb (38a)
qQy = gsinfcos¢ (38b)
q, = gsindsiné . (38c)

The integration with respect to ¢ can be done immediately,
and one is left with a double integral. However, because of
the complicated nature of the integrand, neither the g- nor
the 8-integration can be performed analytically and the
double integral must be computed numerically.

The second and third changes of variables in equation
(36) are to introduce respectively q = ag and u = cosf .
Again, a is the Bohr radius, and the "tilde" is used on q

to indicate that § is a dimensionless wave-vector magnitude.
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Thus, if the expression for Vs(i) in terms of the di-
electric function (see equation (31) is substituted into
equation (36), one obtains

<U > = (39)

sCx

EILN

e4(u,q) - 13

* .1 © _~ { ~
H P =
g dué dq 3(11'“_) 83(u.q)

The explicit expressions for F3 and €4 are complicated and
will be presented after one final change of variables. Also,
subscripts are used on F and € to denote the slightly dif-
ferent functions which come about because of the changes of
variables. The subscript, 3, in equation (39) indicates the
third change of variables.

The final change of variables is

= _9 :
8 9o 7 g (40)

. which transforms the integral with respect to @ into an

integration on the interval 0 < s < 1 . One now obtains

2 el 1 q. . e4(u,s) -1
<Uscr> =7 H £ dué ds 26—._5)7 F4(u,s) 84(11,8) (41)

The explicit forms for Fq and €4 are given below, while
the explicit forms for F, and £, are obtained from those for

F3 and ¢, by replacing @ by
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One has

racwd = () fent (] + o] -mean())

(43a)
with
1/6 3
g- = L |2 1- -2t u2] 3 (43b)
g% \mg eme 4 '
and
(@) = 1+ dr(nad) i o) )
€,(u,d) =1 + 47 (na G(x_./n
3 kb'l‘ F!‘(ne) eo''e
F_“(nh) 1
fp__i;__,_% Tl S o) | 25 (442)
with
1/3
* Im m
1m* H ( ez) [ ( et) 2] ~2
x = —_— l-11-—1J]u q (44b)
eo 2 m; EbT m.,
and
1/3
1 m* m* [he ( M) 2] .2
X, == 1-11-—Ju}l Qg (44c)
ho = 2 m? kT (mht The
As introduced in equation (22), the fractionally-sub-
h scripted F functions are Fermi integrals, and the G function

is the integral which is evaluated by Meyer's interpolation.
It should be noted that all quantities in equations

(43) and (44) have been put into forms where units cancel.

Iy
(55
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The quantity (na3) may be identified as a dimensionless
*
electron-hole pair density, H /ka may be defined as a

dimensionless reciprocal temperature, and the quantities

* * *

m- H m~ H*
";k_i"and_?ﬁ
me b mh b

may be defined as dimensionless electron and hole reciprocal
temperatures, respectively.

Minimization of the Total Energy

The routine used to find the binding energy, <H>,
(Shankland, private communication) minimizes a function of
a given number of parameters. 1In this case, <H> is a func-
tion of y, B, and ¢, the parameters in the trial wave func-
tion introduced in Chapter III. The search for the minimum
involves random, gradient, average, and jump steps, which
are made initially with user defined frequencies, and finally,
with frequencies generated in the course of the calculation.
As convergence is obtained, the step size is automatically
reduced to insure that the minimuam is found. Finally, jump
steps are made to allow for the possibility of local minima.

There are two possible approaches which can be taken to

find the Mott transition density, One is to keep the

"Mott®
electron-hole pair density as an input parameter and minimize
<H> as a function of u, B, and €. The density is then
adjusted manually until that density is found for which

<H>minimized = 0 . The other approach is to include the

32
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density as a variational parameter in the minimization
routine and minimize <H>2. The first a?proach has been
adopted here because it is then easier to monitor the course
of the calculation.

The procedure is to make a series of short calls (25
function evaluations each) to the minimization routine,
looking for negative values of <H>. Since the goal is to

find the density for which <H> is zero, and since

minimized
the Mott transition is due to screening, one knows, as soon
as a negative energy is obtained, that the density must be
increased. The short calls, however, do not allow for the
search step size to be reduced below about 10! so that this
initial search is a rough.one. Once a series of positive
energies is obtained, than a long call (250 function evalua-
tions) is made to check for the best minimum. In this way
the step size is reduced to about 1074. |

Results will now be presented for Si and Ge.
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IV. Results

The material parameters used ig this work are given in
Table I (See Rice, 1977: page 8). Masses are given in units
of the electron free-space mass. The longitudinal and
transverse electron masse§ are given for Si and Ge. The
electron masses used in the isotropic approximation are

obtained from the optical mass average

-1
_ 2 1)
m =13[-2 +_ 1 (45)
eo (met Mep

while the hole masses, Mye and m.., are the reciprocal of
the Dresselhaus-Kip-Kittel A parameter given by Rice. The

density of states masses, and M qos’ are used in the

Medos
calculation for the reduced Fermi energies and are deter-

mined from the following eguations:

Medos = (melmzt)l/3 (46a)
3/2 372\ 2/3
(™8 * ™1 )
Mhdos ( 2 (46b)

The equation for the hole density of states mass involves

the heavy and light hole masses, m, and my,, and thus

~takes into account the fact that the heavy and light hole

bands have been replaced by a single doubly-degenerate band.
Table I also gives the static dielectric constant (ao) and

the degeneracy factors (ve,vh) for Si and Ge.
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Table I: Material Parameters

Ssi Si (isotropic) Ge Ge (isotropic)

M.y .9163 .2588 1.58 .1199

m.. .1905 .2588 0.082 1199

e .2336 . 2336 .07474 .07474

™. .2336 .2336 .07474 .07474

medos 3216 .3216 .2198 .2198

m dos .3637 .3637 .2247 . 2247
€, 11.4 11.4 15.36 15.36

Ve 6 6 4 4

i 2 . 2 2 _ 2

The results obtained for the Mott transition in Si are
shown in Table II. The Mott transition densities are given
as a function of temperature with lower and upper bounds

specified. Thus, for example, at T = 30°K

< 8.0 x 1016cm™3 - anisotropic Si
16cm-3

16, -3
7.8 x 10"°om < NMott

7.4 x 1616cm™3 < 7.5 x 10 -- isotropic Si

< Nyott

The results of Table I for isotropic Si are in good agree-
ment with the results of Norris and Bajaj (Norris, 1982).

Only two points have been determined for anisotropic Si
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Table II: Mott Transition in Si

DENSITY (x1016cm™3)

Si - ISOTROPIC Si - ANISOTROPIC

T(°K) Lower Bound Upper Bound Lower Bound Upper Bound

1074 3.7 . 3,8
7.81 4.0 4.1 4.1 4.3
15.6 5.1 5.2
23.4 6.3 6.4
30.0 7.4 7.5 7.8 8.0
46.9 10.1 10.2
62.5 12.7 12.8
78.1 15.2 15.3

since two points are sufficient to show the effects of con-
-duction band anisotropy. It is seen that the Mott transi-
tion shifts to higher densities. The shift is 4% at

T = 7.81°K and 6% at T = 30.0°K. These results will be

-dnterpreted after the results for Ge are presented.

The results for Ge are shown in Table III. Again, the
Mott transition shifts to higher densities when conduction
-band anisotropy is taken into account. Here there is no
apparent shift at 5°K while the shift at the higher tem-
-peratures is approximately 7%.

“The observations which are to be made here are as

follows: (1) The electron anisotropy causes the Mott
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Table III. Mott Transition in Ge

DENSITY (x1016cm™3)

Ge - ISOTROPIC Ge - ANISOTROPIC

T(°K) Lower Bound Upper Bound Lower Bound Upper Bound

5.0 .13 .15 .13 .15
12.5 .26 .27 .28 .29
20.0 .39 .395 .41 .43

transition to shift to higher densities. (2) The shift is
greater for high temperatures than for low temperatures.
(3) The shift appears to be no greater in Ge than in Si.

The first observation can be explained by the fact that
the anisotropy will reduce the ability of the electrons to
screen and thus a higher density will be required to screen
out the Coulomb potential. The second observation can be
partially explained by noting that the electrons and holes
have more thermal energy at higher temperatures and energetic
carriers do not screen as effectively as less energetic
carriers. The third observation is partially explained by
a calculation of the exciton binding energy in the absence
of screening.

Table IV shows binding energies in Ge for an electron

bound to a hole and to a donor impurity, in the absence of
screening. It can be seen that the anisotropy does not

significantly affect the exciton binding energy. This is

o

oy c.
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Table IV: Binding Energies for Zero Screening (Ge)

Exciton Binding Energy (meV)
Isotropic Masses 2.67
Anisotropic Masses 2.73

ponor Impurity
Isotropic Masses 6.91

Anisotropic Masses 9.78

because the reduced masses are dominated by the light masses

and irn Ge one has met = .082 and mh‘c =M = .075 . ThPs

the ratio of longitudinal to transverse reduced mass is on

the order of only two for the exciton. For the donor
impurity, the above situation no longer prevails and the
anisotropy significantly affécts the binding energy. The
result of 9.78 meV is in good agreement with Faulkner
(Faulkner, 1969) who obtained 9.81 meV for an electron
bound to a donor impurity in Ge.

Thus, the shift of the Mott transition densities is
due mainly to the effects of the anisotropy on the screening
since the anisotropy does not significantly affect the

exciton binding energy.
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V. Summary and Conclusions

2t

RO

S )
4 In this work, conduction band anisotropy has been

e

incorporated into the theory of the exciton-plasma Mott

transition (Norris, 1982). The exciton was treated mathe-

vy v w——
FRARIR)

matically as a particle in a screened Coulomb potential
where static electron-holé screening in the randon phase
approximation was assumed. The Mott transition was asso-
ciated with the electron-hole pair density at which the
exciton binding energy in the assumed potential is zero,
and the binding energy was computed variationally using the
ground state eigenfunction of the Hulthén potential as a
trial function.

The results obtained from the above theory lead to the

m following conclusions:

(1) The conduction band anisotropy does not signifi-
cantly affect the exciton binding energy.

(2) The conduction band anisotropy decreases the
ability of the electrons to screen and thus increases the

Mott transition densities beyond those predicted by RPA

screening with the conduction band taken as isotropic.
(3) The effects of the electron anisotropy are no

more pronounced in Ge than in Si.
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Appendix: The Anisotropic Dielectric Function

The screened Coulomb potential in wave-vector space is

given by

vig) = - 2 (16)

where e is the electronic charge, € is the static dielectric
constant, q is the wave-vector magnitude, and e€(q) is the
Lindhard dielectric function.

The dielectric function is given by

2 |
el@ =1 - f’% [Vee (@) + Vpoh ()] (17).
(o]

where Ve and v, are the degeneracy factors and where g,(q)
and gh(g) are the density-density response functions for
electrons and holes respectively. The response function

for electrons is given by

%2 = =73 E_(K) - B (k-Q)

2 Sd3k{f[ (Eg (k) -ug) /Ky T1-£[F (k~g) -ug) /kyT] ;(18)
w

In equation (18), He is the chemical potential for electrons
and f£f(x) = 1/(ex + 1) , the Fermi-Dirac function. The
function, Ee(gp, is defined by

2 2
M 2 A 2 2
Ee(]i) = zm_el kx + }m—et (ky + kz) . (19)




...................................

where mey and m_. are the longitudinal and transverse electron

et
effective masses.
The explicit expression for the dielectric function is
obtained by performing the integration in equation (18), with
an almost identical calculation for holes. The first step is

to make the following changes of variables in order to make

Ee(E) and E (k-q) spherically symmetric (Aldrich, 1977: 2724):

X

m m
Xk =( el) s q .-.( el) t (A-1a)
X * X X * X
,me_ Me
k = (met);ss q. = (Eﬁfjkt (A—lb)
4 * b4 Y * 4 )
mg m_
X ¥
m m
k = ._e£ s q =(._e.§. t . (a-1c)
2 (m; ) z 2 m; 2
[ - . s * - N 2 1/3
In equation (aA-1), m; is given by m_ = (m_,mg,) .

With the above changes of variables, it is found that

2
4 2 _
Ee(lt_) = Q S = Ee(S) (A-2a)
and
12 2
Ee()i - g) = _Tlg - E.I = Ee(g- - E) (A-2b)
2m
e
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Of course, the E.'s on the two sides of equation (A-2)
represent different functions, but the arguments will

always be explicitly stated, and no confusion should result.

It is found that d3s = d3k so that ge(g) becomes

oty o 203 S Bl Ty [ EL(E(58)-kg) /kyT]
e'= g3 E (s)-Eg(s-t) gns E (s)~Eg(s-t)

(a-3)

i. Both of the integrals in equation (A-3) can be done in

polar coordinates. For both integrals, the sz-axis is chosen

?j to lie along the vector t. Thus, for the first integral, one

has

E (s - t) = X_(s? + t2 - 2stcose) (a-4)

For the second inteqral, one makes the substituéion
s' = 8 - t , whereby t is eliminated from the numerator.

Since d3s' = d3s . the primes may be dropped and one then

obtains

‘.‘ {l

2

Bg(s + £) = 2_(s? + t2 + 2stcose) (a-5)

Zme

Y X

in the denominator of the second integral.

TR
DAL R NN

After performing the anqular integrations in egquation

(A-3), it is found that
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() = =5 sz;rf e )/k £ —rl-ztsd (a-6)
g (t) = S! ( -y T|£n S A-6
e = 41° Kt ‘0 Zm; e b l+ 1?'

Bquation (A-6) is in a form which begins to resemble
the result obtained by Meyer (Meyer, unpublished). The final
expression for the dieleé;ric function will be the same as
Meyer's, except that scaled arquments will be used.

The reduced Fermi energy, n_ = ue/ka , is introduced

e
here. One defines

¥
( x_:;) = hit(Zm;ka) % (A-7)

and makes the change of variables x (52/2m;ka)s2 . Then

equation (A-6) becomes

x

1 [P™e) e [ 1+ %(“gg)%

9e(t) = - —|=7/x j f(x-ng)Ln % dx (A-8)
8re & eo ‘o 1 - %(_gg)g

x

Now, equation (A-8) does not contain the electron-hole

¥ ¥. v . . ¥
AT I
Er R S (AR DR

pair density, n. To introduce the density, it is necessary

to evaluate

v
n = ;%.}d:"k £[(E (k) - ug)/kyT] (2-9)

When the integration in equation (A-9) is performed, and the

result is substituted into equation (A-8), equations (20)

through (23) for the dielectric function are obtained.
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